A new kind of the solutions of the convection-diffusion equation related to the p(x)-Laplacian is introduced. The equation is degenerate on the boundary, accordingly, the usual boundary value condition cannot be imposed in Dirichlet's way. The test function chosen to verify the uniqueness of the solutions should be independent of the boundary value condition. By the new definition, one can study the stability of the weak solutions without any boundary value condition. The main results of the paper show that the usual homogeneous boundary value condition can be replaced by the degeneracy of the diffusion coefficient and the degeneracy of the convection term on the boundary.
Introduction and the main results
The initial-boundary value problem of the evolutionary p(x)-Laplacian equation was studied by Zhan-Wen [, ] recently. In [] , the stability of the weak solutions is proved in a similar way as that of [] . But there remained a gap when p -- ≤ α ≤ p + -.
In [], if p(x) is required to satisfy the logarithmic Hölder continuity condition
p(x) -p(y) ≤ ω |x -y| , ∀x, y ∈ , |x -y| <   ,
by complicate calculations, the gap had been filled up.
In this paper, we will establish the well-posedness of the solutions of equation
with the initial value u| t= = u  (x), x ∈ , (  .  ) but without any boundary value condition. The initial-boundary value problem of equation (.) was first considered by the author in [] , it was shown that the convection term
may influence the boundary value condition. We conjectured that, to ensure the well-posedness of the solutions, a partial boundary value condition should be imposed on equation (.). From then on, I had spent much time to consider the problem, and found that it is difficult to determine which part of the boundary should be imposed the boundary value. Thereupon, in this paper, we turn our attention to a study of the well-posedness of the solutions without any boundary value condition. We will introduce a new kind of the weak solutions matching up with equation (.), and try to prove the uniqueness of the new weak solutions only dependent on the initial value.
We denote
Here W ,p(x) ( ) is the variable exponent Sobolev space, one can refer to [-] for the details. Some basic properties of the space are quoted in the following lemma.
(ii) p(x)-Hölder's inequality. Let q  (x) and q  (x) be real functions with
The new kind of the weak solutions matching up with equation (.) is defined as follows.
where
, and, for any given x, |ϕ  (x, t)| ≤ c. The initial condition (.) is satisfied in the sense of that
A basic result of the existence of the solution is the following.
t) and its partial derivatives satisfy the condition
then equation (.) with initial value (.) has a solution.
We can prove Theorem . in a similar way to Theorem . in [] , though Definition . here is different from that of the weak solution in [] . We omit the details of the proof here.
In our paper, we will prove another existence result, which seems more interesting.
then there is a solution of equation (.) with the initial value (.).
One can see that only if α >  in Theorem . is required, while  < α <
in Theorem . has a stronger restriction. Moreover, there is a difference between the condition (.) and the condition (.). As we had shown in [] only if α < p --, the usual Dirichlet boundary condition
can be imposed, and by the condition (.), b i (, x, t) = . Accordingly, the stability of the weak solutions can be proved. Instead of (.), the condition (.) has the degeneracy on the boundary independent of the boundary value condition.
The most significant result of our paper is the following stability theorems.
Theorem . Let u, v be two solutions of (.) with the initial values u
and the constant α satisfies
Theorem . Let u, v be two solutions of (.) with the initial values u
, respectively, and
One can see that, in Theorem ., the stability is obtained only in the kind of weak solutions which satisfy the condition (.). While the restriction in Theorem . is the condition (.), no restrictions are imposed on the solutions themselves. At the end of the introduction, let us give two sufficient conditions of the condition (.).
If (.) is true, then
which goes to zero as n goes the infinity, provided that α ≥ p +  , which implies that
Thus, the condition
is a sufficient condition of (.). If
Thus, if
Consequently, the condition (.) is another sufficient condition of (.). The paper is arranged as follows. In the first section, we have introduced the basic background and the main results. In the second section, the existence of the weak solution is proved. In the third section, the stability results are obtained. In the last section, we will give a local stability of the weak solutions, without the restriction (.).
The proof of existence
Consider the regularized equation
with the initial-boundary conditions Proof of Theorem . Multiplying (.) by u ε and integrating it over Q t = × (, t) for any t ∈ [, T), we easily obtain
for any  ⊆ . Multiplying (.) by u εt , integrating it over Q T ,
Noticing that
Since (.), by Young inequality, we have
Here, we have used the fact that p(x) ≥ , then q(x) =
p(x)- p(x)
≤ , and by the Young inequality,
by the inequality, we have
and there exist a function u and a n-dimensional vector − → ζ = (ζ  , . . . , ζ n ) satisfying with
In order to prove u is the solution of equation (.), we notice that for any function
Similar to the general evolutionary p-Laplacian equation ([]), by (.)-(.),
we are able to prove that
for any given t, and |ϕ  (x, t)| ≤ c for any given x, it is clearly that ϕ  ∈ W ,p -( ϕ  ). By the fact of that C
a limit process, we have
At 
The global stability
Proof of Theorems . Let u and v be two weak solutions of equation (.) with the initial values u(x, ), v(x, ), respectively. For any given positive integer n, let g n (s) be an odd function, and
By a limit process, we can choose φ n g n (u -v) as the test function, then
In the first place,
and from the proof of that ∂u ∂t ∈ L  (Q T ), we deduce that, for any given t ∈ (, T),
by the Lebesgue dominated theorem,
, in the other places, it is identical to zero, and we have
Then by (.)-(.), we have
which goes to  as n → .
In the second place, since b i (s, x, t) satisfies the condition (.)
we have
where q  = q + or q -according to |u -v| dx ≥  or < .
Last but not least, by using some techniques from [], we can prove that
By (.), we easily get
Proof of Theorem . Just as the proof of Theorem ., we have (.)-(.). By the assumption (.),
, which goes to  as n → . Now, letting n → ∞ in (.), we have the conclusion.
The local stability of the solutions
In what follows, we will give a local stability of the solutions. 
We only need to deal with the last term of (.) 
